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COBORDISM OF FLAG BUNDLES 

AMALENDU KRISHNA 

Abstract. Let G be a connected linear algebraic group over a field k of charac- 

p^ \ teristic zero and let P be a parabolic subgroup of G containing a fixed maximal 

torus T. For a scheme X of finite type over k and a principal G-bundle E — > X, 

we describe the rational algebraic cobordism of the flag bundle E/P — > X in 

terms of the cobordism groups of X and the classifying space BT. In particular, 

we obtain formulae for the algebraic cobordism groups of the various flag bundles 

associated to a vector bundle on a scheme. As a consequence, we describe the 

r ^ , cobordism group of any principal bundle over a scheme. We also obtain similar 

^H ■ formula for the higher Chow groups of flag bundles. 

1. Introduction 

Let k be a field of characteristic zero. In this paper, we shall consider only 
those schemes which are quasi-projective over k. Based on the construction of the 
motivic algebraic cobordism spectrum MGL by Voevodsky in the stable homotopy 
category of k, and the already known cobordism theory for complex manifolds [16], 
Levine and Morel [12] invented the algebraic cobordism theory fl*(— ). The most 
important aspect of this theory is that £)*(—) is the universal oriented Borel- Moore 
homology theory in the category of fc-schemes. In particular, it is the universal 
oriented cohomology theory in the category of smooth schemes over k. 

As a consequence, many known theories, e.g., algebraic A-theory, Chow groups, 
can be directly obtained from the cobordism theory of Levine and Morel. This 
makes the question of describing the algebraic cobordism groups of various schemes 
^ interesting and important. Since this theory has been invented only some years 

ago, not many cases of computations of £)„,(—) have been known. Levine and 
Morel showed that the coefficient ring Q*(k) is isomorphic to the known Lazard 
ring. They were also able to describe the algebraic cobordism of a projective 
bundle in terms of the cobordism group of the base scheme. The principal aim of 
this paper is to generalize this description to the case of arbitrary flag bundles. As 
a consequence, we also describe the cobordism groups of principal C7-bundles over 
A;- schemes. 

In order to motivate our main results, we recall the following result, due to Borel 
and Leray, well known in algebraic topology and its analogue in algebraic geometry, 
due to Vistoli [HJ]. Assume k = C is the field of complex numbers and let G be a 
connected and reductive complex algebraic group. We fix a maximal torus T of G, 
a Borel subgroup B of G containing T and let W denote the Weyl group of G with 

respect to T. Let T denote the character group of T and let Sym(T) denote the 

symmetric algebra of T ® Q over Q. Let A be a complex manifold and let E — y X 
be a principal C7-bundle. The reader can think of it as a C7(C)-fiber bundle over 
A(C). Since the principal bundles are represented by the maps to the classifying 
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spaces in topology, we immediately get the characteristic homomorphisms 

Sym(f) W/ ^ K*{BG,Q) ^ H*(X,Q) and Sym(f) ^ E*(E/B,Q). 
The homomorphism a^ sends a character t of T to the first Chern class of the 

T,t 

associated line bundle E/B x A 1 — > E/B. This induces a homomorphism of 
Sym(T)-algebras 

(1.1) H*(X,Q)® Sym(fr Sym(f) ^ B*(E/B,Q) 

and is an isomorphism. 

Let X be now a scheme and let CH*(X) denote the rational Chow group of 
algebraic cycles on X modulo the rational equivalence. Let A*(X) be the Fulton- 
MacPherson bivariant cohomology ring of X. Recall that this is a subring of the 
endomorphism ring of CH*(X). In the same set up as above, Vistoli [19] showed 
that there are still the characteristic maps 

Sym(f f ^ A*(X) and Sym(f) ^ A* (E/B) 
such that the induced map of Sym(T)-modules 

(1.2) CH,(X)® gym(f)W Sym(f ) ^ CE^E/B) 

is an isomorphism. This completely describes the Chow groups of the flag bundle 
in terms of the Chow group of the base. 

In this paper, we study similar questions for the description of the higher Chow 
groups and more importantly, the algebraic cobordism groups of generalized flag 
bundles over any base scheme. The similar techniques can also be used to write 
down the description of the complex cobordism of flag bundles over complex man- 
ifolds. In case of the higher Chow groups, we obtain a more direct proof of the 
above formula using the localization sequence for these groups. In particular, this 
yields a different and simpler proof of Vistoli's theorem for the Chow groups. The 
proof in the case of the cobordism becomes much more complicated, mainly due 
to the absence of the higher cobordism groups at present. In this case, we adapt 
some of the arguments of [19] to the case of cobordism. We now state our main 
results. 

Let G be a connected linear algebraic group and let T, B and W be a fixed split 
maximal torus, a Borel subgroup containing the maximal torus and the associated 
Weyl group respectively. We shall often denote this datum by the quadruplet 
(G, T, B,W). Let r denote the rank of T. Let P be a parabolic subgroup of G 
containing B and let Wp denote the Weyl group of the Levi subgroup of P with 
respect to T. 

Let S(G) and C(G) denote the G-equivariant rational Chow ring and the alge- 
braic cobordism ring of Spec(fc) (see Section [3] below). Since we are interested in 
describing the higher Chow groups and cobordism groups with the rational coeffi- 
cients, we make the convention that an abelian group A for us will actually mean 
A £8>z Q- Furthermore, we shall write the higher Chow groups and the cobordism 
groups cohomologically in this paper in the sense that CH*(X, n) and Q l (X) will 
mean the groups CH dim (x)_j(X,n) and £ldim(x)-i(X) respectively. For any scheme 
X, we shall write the full Chow groups as 

oo oo 

CH*(X)=© © CE l (X,n). 

j=0 n=0 

Let p : E — > X be a principal G-bundle and let n : E/P — > X be the flag 
bundle associated to the parabolic subgroup P. We show in Section [3] below 
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that the algebraic cobordism groups Q*(X) and Q*(E/P) are modules over the 
rings C(G) and C(P) respectively. Moreover, it is known (cf. [TQ(, Theorem 6.6]) 
that C(G) = C{T) W and C(P) 2i C{T) Wp . The similar methods also show that 
the higher Chow groups CH*(X, n) and CH*(P/P, n) are modules over the rings 
S(G) = S and S(P) = S Wp respectively. Now we have: 

Theorem 1.1. The natural map of C(P) -modules 

(1.3) \ x : W{X) ® C(G) C(P) -> fi*(P/P) 

zs an isomorphism. Moreover, it is an isomorphism of rings if X is smooth. 
Theorem 1.2. The natural map of S(P) -modules 

(1.4) a x : CH*(X) ® S(G) S(P) -► CH*(P/P) 

zs an isomorphism. This is an isomorphism of rings if X is smooth. 

As consequences of these results, we obtain the formulae (cf. Corollaries 16.61 
and 18.21) for the cobordism and the higher Chow groups of principal bundles. We 
remark here that as we are working with the rational coefficients, the assumption 
about the maximal torus T being split is not a necessary one. One can reduce to 
this case by the transfer arguments. 

We conclude the introduction with a brief outline of the contents of this paper. 
We recall the definitions and some important properties of the ordinary and the 
equivariant algebraic cobordism in the next section. We use these fundamental 
properties to construct our map Ax in Section [3j We also deduce some functorial 
properties of this map with respect to morphisms between schemes. In section HJ 
we prove some algebraic results and use these together with some results of [TU] 
to deduce our main result for algebraic cobordisms of trivial flag bundles over 
smooth schemes. In Section^ we prove the surjectivity of Xx using the localization 
sequence for the cobordism, the corresponding r esul t for the trivial flag bundles 
and an induction argument. We prove Theorem 13.41 in Section [6] by first proving 
it for the trivial flag bundles, which uses the proof of the similar result for the 
Chow groups of trivial bundles in [19J, and then using a filtration argument for 
general schemes. The final proof of Theorem 11.11 is given in Section [TJ where we 
deduce this from the case of flag bundles asso ciate d to the Borel subgroups. The 
last section is devoted to the proof of Theorem 11.21 where the main tool is the long 
exact localization sequence for the higher Chow groups. 

2. Recollection of ordinary and equivariant cobordism 

In this section, we briefly recall the definitions and basic properties of the ordi- 
nary and equivariant algebraic cobordism. 

2.1. Algebraic cobordism. Recall from [T2] that for any scheme X and any 
i G Z, the algebraic cobordism group Q l (X) is given by the quotient of the Q- 

vector space Z l (X) on the classes of projective morphisms \Y — ¥ X], where Y is 
a smooth scheme and / has relative codimension % = dim(X) — dim(y). This 
quotient is obtained by the relations in Z l (X) defined by certain axioms like the 
dimension axiom, section axiom and the formal group law. It was later shown by 
Levine and Pandharipande [TJ] that D, l (X) can also be described as the quotient 
of Z % (X) by the subspace generated by those cobordism cycles which are given by 
the double point degeneration relation. In particular, there is a natural surjection 
Z*(X) -» Q*(X). It also follows that Q*(X) is a graded Q- vector space, where the 
grading is given by the codimension of a cobordism cycle. Moreover, Q l (X) = for 
% > dim(A) and Q l (X) could be non-zero for any — oo < i < dim(X). In fact, the 
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exterior product on cobordism makes Q*(X) a graded ring for smooth X, which is 
a graded fT(fc)-algebra. In general, fi*(X) is a graded $T(/c) -module. 

The following is the main result of Levine and Morel from which most of their 
other results on algebraic cobordism are deduced. 

Theorem 2.1. The functor X i-» fi*(X) is the universal Borel-Moore homology 
on the category of k-schemes. In other words, it is universal among the homology 
theories on this category which have functorial push-forward for projective mor- 
phism, pull-back for smooth morphism (any morphism of smooth schemes), Chern 
classes for line bundles, and which satisfy Projective bundle formula, homotopy 
invariance, the above dimension, section and formal group law axioms. Moreover, 
for a k-scheme X and closed subscheme Z of X of pure codimension p with open 
complement U, there is a localization exact sequence 

n m (z) ->• n*(x) ->• n*{u) -»• o. 

It was also shown in loc. cit. that the natural composite map 

$ :L^L® Q fi*(A;) -» Q*(k) 

a I—)- [a] 

is an isomorphism of commutative graded rings. Here, L is the Lazard ring which 
is a polynomial ring over Q on infinite but countably many variables and is given 
by the quotient of the polynomial ring Q[Aij\(i,j) G N 2 ] by the relations, which 
uniquely define the universal formal group law F^ of rank one on L. This formal 
group law is given by the power series 



u"v 3 , 



Fl(u,v) = U + V + ^J OijU 1 

where a^ is the equivalence class of A^ in the ring L. The Lazard ring is graded by 
putting the degree of a^ to be 1 — i—j. In particular, one has L = Q, L_i = Qa n 
and Lj = for i > 1, that is, L is non-positively graded. We refer to loc. cit. for 
more properties of algebraic cobordism. 

2.2. Equivariant algebraic cobordism. Let (G, T, B, W) be the datum as above 
for a given connected linear algebraic group G over k. For a scheme X with a linear 
action of G, the equivariant algebraic cobordism of X was defined by Deshpande 
[I] when X is smooth and this was later defined and studied for all schemes in [TU] . 
Since this is a new theory and since we shall have need for this here, albeit in a 
mild way, we briefly recall it. 

For any integer j > 0, let Vj be an /-dimensional representation of G and let Uj 
be a G-invariant open subset of Vj such that the codimension of the complement 
(Vj — Uj) in Vj is at least j and G acts freely on Uj such that the quotient Uj/G is a 
quasi-projective scheme. Such a pair (Vj, Uj) is called a good pair for the G-action 
corresponding to j. It is known that in our set up, good pairs always exist (cf. 

G 

Lemma 9]). Let Xq denote the mixed quotient X x Uj of the product X x Uj by 
the diagonal action of G, which is free. 

Let X be a fc-scheme of dimension d with a G-action. Fix j > and let (Vj, Uj) 
be an /-dimensional good pair corresponding to j. Put 

. G 

Q.iA-1-a \ X X Ui 



H+l-g \ ■*■ * Uj 

(2.i) nf(x) i 



d+l-g-j*H+l-g I sl A u j 



i G 

toi+l-a \X X Ui 
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Here, F p Qi(X) is the pth level of the Niveau filtration (cf. [TQj, Section 3]) which is 
roughly given by the subspace of fii(X) generated by the images of fii(Z) — > Qi(X) 
under the push-forward map, where Z ■=->■ X is a closed subscheme of dimension 
at most i. It is known that Qf(X)- is independent of the choice of the good pair 
(Vj, Uj) and one defines 

(2.2) nf(X) : = lim fif(X),. 

j 

The reader should note from the above definition that unlike the ordinary cobor- 
dism, the equivariant algebraic cobordism Qf(X) can be non-zero for any i 6 Z. 
We let 

nf (X) = nf(x) 

and we let 

(2.3) ST G (X) = W G (X), where fi^(X) = n|L(x)-i W- 

Th e eq uivariant cobordism satisfies all those properties which are listed in The- 
orem [2J] for the ordinary algebraic cobordism. Since we shall need some of these 
properties, we state them below for the sake of completeness. 

Theorem 2.2. (cf. [TOl Theorems 5.1, 5.4],) The equivariant algebraic cobordism 

satisfies the following properties. 

(i) Functoriality : The assignment X i— > Q*(X) is covariant for projective maps 

and contravariant for smooth maps of G -schemes. It is also contravariant for l.c.i. 

morphisms of G -schemes. 

(ii) Homotopy : If f : E — > X is a G-equivariant vector bundle, then f* : 

(Hi) Chern classes : For any G-equivariant vector bundle E — > X of rank r, there 
are equivariant Chern class operators cf(E) : Qf(X) — > f2^_ ; (X) for 1 < I < r 
which have same functoriality properties as in the non- equivariant case. 

(iv) Free action : If G acts freely on X with quotient Y, then Q^(X) ^> Q*(Y). 
(v) Exterior Product : There is a natural product map 

In particular, Qf{k) is a graded algebra and Q^(X) is a graded Q^(k) -module for 

every X e Vq- 

(vi) Projection formula : For a projective map f : X' —¥ X in Vq, one has for 

x e Of (X) and x' e Q*(X'), the formula : /* (x' ■ f*(x)) = f*(x') ■ x. 

(vii) Localization sequence : For a G-invariant closed subscheme Z C X with the 

complement U, there is an exact sequence 

n?(z) -> nf (x) ->. n°(u) -+ o. 

For a G-equivariant vector bundle E on X, we shall often denote the equivariant 
Chern class operators as cf(E) fl — . Note that these Chern classes behave like the 
Chern classes of the ordinary vector bundles on the ordinary cobordism of the 
mixed spaces defined before. In particular, if \ is a character of G (which is just 
a G-equivariant line bundle on spec(fc)), the above exterior product is explicitly 
described as 

(2.4) n* G (x)® h n*(k)^n*(x) 
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w ® cf (L x ) 1-4 cf (p*(£ x )) n W 
if p : X — y Spec(/c) is the structure map. Here, L x is the line bundle associated to 
X and cf (L x ) is identified with the element cf (Z/ X )(ief) in the ring C(G). 

We shall denote C(G) := f2*(/c) by Q*(BG) and call it as the cobordism ring of 
the classifying space of G. It is known from the universal property of the algebraic 
cobordism that for a complex linear algebraic group G, there is a natural map of 
rings 

(2.5) p G -M*(BG)->MU*(BG), 

where MU*(BG) is the rational complex cobordism group of the topological clas- 
sifying space of G(C). Moreover, this realization map is in fact an isomorphism (cf. 
[TUt Theorem 6.8]). Thus, Q*(BG) is truly the cobordism ring of the classifying 
space of G. 

If H C G is a closed subgroup, then for any G-scheme X and a good pair 
(Vj, Uj), the G/if-fibration Xh — > Xq induces a natural restriction map 

(2.6) r% : n* G (x) -> tT H {X) 

which in particular gives a natural Q-algebra homomorphism Q*(BG) — y Q*(BH). 
This restriction map in fact completely describes Q*(BG) in terms of Q*(BT) in 
the following way. 

Theorem 2.3. (cf. [10, Theorem Q.Q]) The natural map Q G (X) — y Q^,(X) induces 
an isomorphism of C(G) -modules 

n G (x) A (n* T (x)) w . 

In particular, one has C(G) ^> C(T) . 

If T is a split torus of rank r and if {xi, • • • , Xr} is a Q-basis of T with associated 
line bundles {L X1 , • • • , -^ Xr }, then there is a natural ring isomorphism 

L[[zi,...,av]]4C(T) 

which maps Xj to the class of the first Chern class Ci(L x .) in Q*(BT). Similarly, 

there is an isomorphism L[[7i, • • • ,j n }} A- C(GL n ), where the image of ji is the 
ith Chern class of the canonical rank n vector bundle on BGL n . Under the iso- 
morphism C(GL n ) = C(T) W of Theorem 12.31 the image of 7$ is the ith elementary 
symmetric polynomial in the variables of C(T). 

We also recall here that there is a similar relation between the Chow rings of 
BG and BT (cf. [IB], 0), that is, 

(2.7) S{G) = CE*(BG) ^> CR*(BT) W = S{T) W 
and moreover 

S(GL n ) = Q[ 7l , ■ ■ • , 7n ] m- Q[zi, • • ■ ,x n ] = S(T). 

3. The homomorphism Ax 

In this section, we explain the homomorphism Ax of Theorem 11.11 and then 
prove some functoriality properties of this map with respect to the maps between 
schemes. We consider the case of flag bundles associated to Borel subgroups of G, 
from which the general case can easily be deduced (cf. Section [7]). 

Let X be a scheme and let p : E — y X be a principal G-bundle and let tc : 
E/B — y X be the flag bundle associated to the Borel subgroup B. Since E is a 
G-scheme where G acts freely, it follows from Theorem 12.21 that Q*(X) = Q G (E) 
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is a C(G)-modules. In the same way, Q*(E/T) = Q^,(E) is a C(T)-module (and 
hence a C(G)-module by restriction). On the other hand, E/T — > E/B is a 
principal -B u -bundle, where B u is the unipotent radical of B. By [3j XXII, 5.9.5], 
B u has a finite filtration by normal subgroups whose successive quotients are the 
vector groups. A successive application of homotopy invariance now implies that 

£l*(E/B) ^ 9,* {E/T). Hence, Vt*(E/B) is a C(T)-module. Thus, Q*(X) and 
Q*(E/B) are naturally C(G) and C(T)-modules respectively, which defines the 
map Xx as \x(w ® x) = x ■ ir*(w). 

Recall that C(T) is the power series over L in the first Chern classes of the line 
bundles associated to the characters of T and Theorem 12.31 implies that C(G) is 
also generated by the first Chern classes of the W- invariant characters inside C(T). 

Using the description of these module structures in CI2.4J) . we see that the map 
Xx is given by 

(3.1) Xx : n*(X) ® C(G) C(T) -> Q*(E/B) 

W <g> Ci(x) H-> Ci(x) n Tl*(w) 

for a character x of T. It is easy to see from this that this is an L-algebra homo- 
morphism if X is smooth. 

Remark 3.1. For readers who are little bit familiar with the language of quotient 
stacks and know that the G-equivariant line bundles on a G-scheme X are same 
as ordinary line bundles on the quotient stack [X/G] , we can explain the above in 
this set up as follows. The principal G-bundle E — > X uniquely gives rise to the 
following commutative diagram of morphisms. 

(3.2) E/B^X 



BT^BG, 

where BG is the quotient stack [k/G]. The map Ax is then given as Ax (w <g) Ci(x)) = 
ci(q*{L x ))mr*(w). 

In particular, ii E = G x X — >• X is a trivial principal bundle, then the map 
X — y BG canonically factors through the structure map X — > Spec(fc) — > [k/G] = 
BG. Hence, the map Ax in this case is given by 

(3.3) Sl*(X) ® L (L ® C(G) C(T)) -> W(E/B). 

Here, the left term is identified as Sl*(X) ® L Vt*{G/B) by ^ Theorem 7.6] and 

Q*(X) ® L VL*(G/B) ^ VL*(E/B) is simply the exterior product map. 

To prove certain functoriality properties of Ax, we need the following elementary 
result on the equivariant cobordism. 

Lemma 3.2. Let G be a linear algebraic group over k and let f : Y — >■ X and 
g : Z —¥ X be projective and smooth morphisms of G-schemes respectively. Then 
the maps /* : tt* G {Y) ->■ £l* G {X) and g* : tt G {X) ->■ Vt G (Z) are C{G) -linear. 

Proof. We only give a sketch for the C(G)-linearity of /*. The assertion about g* 
is similar and much simpler. Note that the C(G)-module structure on Q G (X) is 
given by the exterior product (cf. Theorem 12.21) . It suffices to show that 

/*(x • w) = x ■ f*(w) 

when x and w are generators of the corresponding cobordism groups Q*(Uj/G) 
and Q*((Y x Uj)/G), where (Vj,Uj) is any given good pair for G-action. So let 
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Q 

W\ — t- Uj/G and W 2 -A Y x Uj be projective morphisms from smooth and 
connected schemes, representing the cobordism classes x and w respectively. Let 

W\ and W 2 be the pull-backs of W\ and W 2 to Uj and F x Uj respectively. By the 
definition of the push-forward and exterior product, we have 



f*(x-w) = /* 



w l x w 2 -> f x (c/j x c/^ 



R'iX^^Ix (^ x [/,-) 



and the last term is same as the class of x ■ f*(w) in Q*(Xg) which can be taken as 



G 



X x (Uj x Uj) because (Vj x Vj, Uj x Uj) is also a good pair for the G-action. □ 

Lemma 3.3. Let f : Y — >■ X and g : Z — >■ X fre respectively, the projective and 
the smooth morphisms. Let p : J5 — >■ X be a principal G-bundle and let Ey and 
Ez denote its pull-backs to Y and Z respectively. Consider the following Cartesian 
diagrams of flag bundles. 



(3.4) 



Then the diagrams 
(3.5) 



E Y jB U E/B E z /B % E/B 



IT 1TZ 



Y^X 



z^r+x. 



W(Y) ® C(G) C{T) -* + n*(E Y /B) 



/*®id 



n*{x) ®c( G) c(T) —^ q*(e/b) 

x x 



(3.6) 



W(X) ® C (G) C{T) 



g*®\d 



n*(E/B) 



n*(z) ®c( G) c{T) —^ n*(E z /B) 



are commutative. 

Proof. To show the commutativity of the first square, we have 

7*°Ay(w®x) = 7*(x-ir Y (w)) 

= x-f*{ir Y {w)) (ByLemmaGQD 

= X-TT*lf m (w)) 

= \x{f*{w)®x), 

where the third equality follows from the fact that the first square in f!3.4p is 
Cartesian with 7r smooth and / projective. The proof of the commutativity of the 
second square is similar. □ 
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Let (G,T,B,W) be as above where G is a connected linear algebraic group. 
Let G u denote the unipotent radical of G and let L denote the corresponding 
quotient as a reductive group. Then any principal G-bundle E — y X canonically 
gives a principal L-bundle El = E/G u — > X. Moreover, as the Borel subgroup B 

contains G u , we see that E/B ^> El/ Bl, where Bl is the image of B which is a 
Borel subgroup of the reductive group L. Since C{G) — C(L), as follows from the 
Levi decomposition and the homotopy invariance, we conclude that it is enough 
to consider the case when G is reductive in order to prove our main results. Hence 
for the rest of this pa per, G will always denote a connected reductive group. We 
shall deduce Theorem 11.11 from the following result for the algebraic cobordism of 
the flag bundles associated to the Borel subgroup B. 

Theorem 3.4. Letp : E — > X be a principal G -bundle and let ix : E/B — > X be the 
flag bundle associated to the Borel subgroup B. The natural map of C(T) -modules 

(3.7) X x : Q*(X) ® C (G) C(T) -). n*{E/B) 

is an isomorphism. Moreover, it is an isomorphism of rings if X is smooth. 

4. Some algebraic reductions 

Let (G,T,B,W) be as above and let T be a split torus of rank r. This rank 

will be fixed throughout. We fix a basis {xi, ■ ■ • , Xr} of T and let S = Sym(T) = 
Q[xi, • • • ,x r ] be the polynomial algebra in the first Chern classes of the line bundles 
associated to the characters {xi, • ■ ■ , Xr}- Let S w C S be the subalgebra generated 
by the homogeneous polynomials which are invariant under the action of W. This 
gives us a square of ring inclusions 

(4.1) (L[xi,--- ,x r ]) w ^h[x u --- ,x r ] 



C{G) >C7(T), 

which is Cartesian and where C(G) has been identified with C(T) W . We shall 
write L[xi, • • • ,x r ] simply as S^. Note that Sl and S^ are canonically isomorphic 
to L ®q S and L ®q S w as L-algebras. It is also known that S^ is a polynomial 
algebra over L of rank r. We shall denote the homogeneous generators of this 
subalgebra by {o"i, • • • , cr r }. 

Let / be the ideal of S generated by the homogeneous elements of positive degree 
which are invariant under W and let A denote the ring S/I. Then we see that 
Al = L®q A is canonically isomorphic to the L-algebra L[xi, • • • , x r ]/I. We recall 
the following result from [191 Lemma 1.2]. 

Lemma 4.1. The graded Q-algebra A is finite. If N is the maximal integer for 
which Ajy 7^ 0, then N = dim(G/B). Moreover, the Q-vector space Ajy is one- 
dimensional, and if d is an integer, the homomorphism 

A d <g> A N - d -*> A N 

given by the multiplication in A is a perfect pairing of finite-dimensional Q-vector 
spaces. 

Lemma 4.2. Let A be a commutative ring and let I be an ideal of A. Let J be 
a finitely generated ideal of A. Then for any A-module M, the natural maps of 

A-modules 



JM \JM 
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are isomorphisms, where M denotes the I-adic completion of M. 
Proof. Consider the exact sequence 

M 

(4.2) O^JM^M^-— ->■ 0. 
v ; JM 

Since the topology on M is given by the descending chain M D IM D I 2 M D ■ ■ 
of sub modules, it follows from [151 Theorem 8.1] that 

(4.3) o->(JM)->M-+(-^)-+0 

is exact. Thus, we only need to show the first isomorphism to prove the lemma. 

n 

Suppose J =J2 OiA and define 

j=i 

6 : M n -4 M 



aifUi. 

i=l 



0(mi,--- ,m n ) =J^ 

This makes the sequence 

M 

(4.4) M r -> M -> — - -> 

exact. It again follows from [151 Theorem 8.1] that 

(4.5) M r ^M^ ' ]f 



JM 



a 



is exact. On the other hand, <p is again given by (j)(mi, • ■ ■ , m n ) =Y2 <HW,i. In other 

words, lmage(0) = JM. The first isomorphism now follows from this and ( I4.3J) . 
This proves the lemma. □ 

Corollary 4.3. 27ie natural homomorphisms of rings 

, =* Lfxi, • • • , xJ C(T) ^, mN 
L0 A ^ [ ^ H ^ _^_J_ _> c(T) ® C(G) L 

are isomorphisms. 

Proof. We first observe that the cobordism ring C(T) is the inverse limit of the 
cobordism rings of the form (Q*(BT)) >0 on each of which the Weyl group acts. 
In particular, the action of W on C(T) is induced by its action on the polyno- 
mial ring L[xi, • ■ ■ ,x r ] and C(T) W is the inverse limit of the IV-invariants in the 
inverse system (fi* (BT)) - >Q . Thus we see that we can write S^ = L[o"i, • • • ,a r ] M- 

h[xi, ■ ■ ■ ,x r ] and C{G) = C(T) is the subring of the power series ring L[[xi, • • • ,x r 
generated by the homogeneous polynomials {o"i, • • • , o~ r }. Moreover, the ideal / in 
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C(T) is the extension of the ideal (a\, ■ • • , a r ) of S w = Q[ai, ■ ■ ■ ,cr r ] which we 
also denote by /. Let m denote the ideal (x±, • ■ ■ , x r ) of Si. Now we have 



C(T)® c(G) h = C{T) ® C{G) (jg®v) 



C(T) 
IC(T) 

(■gOm 



ISl 



(By Lemma |OJ). 



On the other hand, 



(4.6) # a '-«Q( Q[3! "V' 3:ri ) fc 1.I L «QA 



where each Aj is an artinian local ring which is finite over Q. In particular, the 
ideal m is nilpotent in each of the factor L <g> Aj and hence the last term in (14.61) 
is complete with respect to m. We conclude that -^- is complete in the m-adic 
topology In particular, we obtain 

C(T)® 0(0 )L- ' " ' ' '''" 



. ^^L / m ISl 

and this completes the proof. □ 

Corollary 4.4. Let X x G/B — > X be the trivial flag bundle. Then the map Xx 
is given by 

n*(x) ® Q a ^> n*{x) ® L a l ^ q*(e/b) 

which is an h-algebra isomorphism if X is smooth. 

Proof. The first assertion of the corollary follows directly from ( 13. 3p and Corol- 
lary 14.31 If X is smooth, this map is an L-algebra homomorphism because so 
are the maps in (13.11) and Corollary 14.31 Moreover, it is an isomorphism by [TUJ 
Lemma 6.5] and [131 Theorem 3.1]. □ 

5. SURJECTIVITY OF \ x 

We now let p : E — > X be a an arbitrary principal G-bundle and let ir : E/B — > 
X be the associated flag bundle. Using the above inclusions of the polynomial 
rings inside the power series rings, we get natural homomorphisms 

(5.i) n*(x)® s wSi 

Sx 

W(X) ® C (G) C(T) —^ £l*(E/B) 

of SL-modules, which are also SL-algebra ho mom orphisms if X is smooth. 

As a first step towards proving Theorem 13.41 we show in this section that the 
map Xx is surjective. In fact, the proof that follows will show that the map (f)x 
is surjective. It will eventually turn out that both the maps <px and Ax are iso- 
morphisms. We begin with the following elementary property of principal bundles 
and the local property of algebraic cobordism. 
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Lemma 5.1. Let p : E — >■ X be a principal G-bundle and let it : E/B — y X be 

the associated flag bundle. Then the G-action G x E —y E induces a commutative 
diagram 



(5.2) 



G/B x E/B 



E/B 



E/B 



+ X 



which is Cartesian and where n' is the projection to the second factor. 

Proof. Since E —y X is a principal G-bundle quotient of quasi-projective schemes, 
the action map G x E —y E induces a commutative diagram 

(5.3) - - " 



Gx E 
p' 
E 



E 



X 



which is Cartesian and where p' is the projection to the second factor by the general 
properties of principal bundles (cf. [7J 0.10]). 

Now, the map \i descends to a map G x E/B —y E/B. Moreover, this map 
is Z?-equivariant where B acts trivially on E/B and by left multiplication on G. 

Taking the quotients, we get a canonical map G/B x E/B — y E/B making the 
diagram (15. 2 p commute. It is now an easy exercise to check from (I5.3P that this 
diagram is Cartesian too. □ 

Lemma 5.2. Let f : X' —y X be a finite and etale morphism of smooth and 

j 
connected schemes. Then there exists an open subscheme U <-} X such that for 

the map g = f\ w : U' = f~\U) -> U, one has g,(l) = [k(X') : k{X)]. 

Proof. Let r\ denote the generic point of X and consider the Cartesian diagram 

X'^U'^X' 

f 



(5.4) 



n 



u^x, 

3 



where U is any open subscheme of X. Since X' is connected, we see that X, q = 
Spec(k(X')). Put p = joi jP ' = f o i' and d = [k(X') : k(X)]. It follows from pH 
Lemma 4.7] that 

p*of^i) = Ko P '*(i) = K(l) = d. 

Since the algebraic cobordism is generically constant by [Til Lemma 13.3, Corol- 

j 

lary 13.4], there exists an open subscheme U '—y X such that j* o f*(l) 
Q*(U). This in turn implies that 



d in 



and this proves the lemma. 



g.oj»{i) = j*of m {i) = d 



D 



COBORDISM OF FLAG BUNDLES 13 

Corollary 5.3. Let f : X' — >■ X be a finite and Stale morphism of smooth and 
connected schemes and consider the diagram fl3.4|) . Then there exists an open 

subscheme U <->■ X such that for g = f\ V i : U' = f~ l (U) — > U , one has a 
commutative diagram 

(5.5) n*(u) ® C (G) c(T) 9 -l n*(u') ® C (G) c(T) % n*(u) ® C(G) c(t) 



VL*(Ejj/B) > VL*(Eu,/B) = > n*(E v /B) 

such that the horizontal composite maps are multiplication by [k(X') : k(X)}. 

i i^—^—i 

Proof. We choose U H X as in Lemma 15.21 The commutativity of the diagram 
follows from Lemma 13.31 Moreover, as / is finite and etale of degree d, it follows 
that / is also a morphism of the same type. We claim that g*(l) = k(X') : k(X)]. 
To see this, we evaluate the required term as 

S*(l) = 9* o 7^,(1) = ^ o ^(1) = [k(X') : k(X)\, 

where the second equality follows from Lemma 15.21 and this proves the claim. The 
corollary now follows from the projection formula. □ 

Proposition 5.4. The map Xx is surjective for any scheme X . 

Proof. We shall prove this by induction on the dimension of X. We can assume 
that X is reduced. If X is zero-dimensional, it is of the form X = Spec(K), 
where K is a finite product of finite field extensions of k. We prove the case when 
X = Spec(fc). The same proof applies for any finite extension of k. Now, there 
is a finite extension k '—¥ I such that Y\ is of the form GijB\. Hence the result 
holds for X = Spec(/) by [TUl Theorem 7.6]. The case of Spec(fc) now follows from 
Corollary 15.31 

If the map it is of the form X x G/B — > X with X smooth, the maps Ax and 
<px are in fact isomorphisms by (13. 3p . Corollary 14.41 [TO] Lemma 6.5] and [TBI 

Theorem 3.1]. In the general case, we can find an etale cover X' — > X such that 

it' 

the base change E/Bx x X' — > X' is the trivial flag bundle X' x G/B — > X'. 

j 
We can now find a smooth and dense open subset U ^-> X such that the map 

U' = f~ l (U) — > U is finite and etale. Moreover, the flag bundle is still trivial on 
U' . Since U is a disjoint union of smooth and connected schemes, the surjec tivit y 
of \u follows from the case of the trivial bundle shown above and Corollary 15.31 

We now let Z = X — U be the complement of U in X with the reduced closed 
subscheme structure and consider the diagram 

(5.6) SF{Z) ® C(G) C(T) -4 Q*(X) ® C (G) C(T) -> Q*(U) ® C(G) C(T) -> o 



Ax 



Xu 



n*(E z /B) ► tt*(E/B) ► tt*(Eu/B) > 

which is commutative by Lemma 13.31 and whose rows are exact by Theorem 12.11 
Since U is open and dense, Z is a closed subscheme of dimension which is strictly 
smaller than that of X. Hence the map Xz is surjective by induction. We have 
shown above that \jj is surjective. Hence the map Ax is surjective too. □ 
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Remark 5.5. Since the maps 



n*(x) 



) S W L 



s . % n*{x) ® C (G) c{T) ^ q*(e/b) 



are isomorphisms for the trivial bundle G/B x X — >• X for X smooth by Corol- 
lary [J3J exactly the same proof as for Proposition 15.41 shows that the maps 5x and 
<px are also surjective for any scheme X. 



6. Proof of Theorem 13.41 

Recall from Section @] that A = S/I = A © A x © ■ ■ ■ © A N is the graded quo- 
tient of S = Q[si, • ■ ■ , x r ] by the ideal I which is generated by the homogeneous 
polynomials of positive degree which are invariant under W. It is clear that A is 
one-dimensio nal over Q generated by the unit element of the ring. It also follows 
from Lemma [4. II that Ajv is an one- dimensional Q- vector space. We fix these two 
generators and denote them by po = 1 and px respectively. Let po = 1 and px be 
their homogeneous lifts in Sq and Sjy respectively. For any scheme X, we consider 
the map 

(6.1) ip:Q*(X)^Q*(X) 

lf)(x) = 7T* O (f) x (x ©Pat) = 7T* O (ci(p N ) H 7T*{x)) 

where <px is the homomorphism in (15.11) . We need the following property of this 
map. 

Lemma 6.1. Let Z "-^ X be a closed subscheme such that ipz is identity. Let 

Q* Z (X) C Q*(X) be the image of the map Q*(Z) -4- Q*(X). Then, ipz induces a 
map ip x : Q* Z (X) — > Q* Z (X) such that the diagram 



(6.2) 



n* z (x) 



->n*(x) 



Q* Z {X) >Q*(X) 

is commutative and ip x is identity. 
Proof. We consider the following diagram. 



PN 



n*(z) -jn*(E z /B) ^ n*(E z /B) -4 n*(z) 



n*(x) -£ n*(E/B) -£ n*(E/B) -^ n*(x). 

The first square from the left clearly commutes as ttz is the pull-back of a smooth 
morphism. The second square commutes by Lemma 13.21 The third square is 
simply the commutativity of the push-forward maps. We conclude that the big 
outer square commutes. Since the top and the bottom composite horizontal arrows 
are ipz and ipx respectively, we get the commutative square (16.21) . Moreover, ip x 
is identity because ipz is so. D 

Lemma 6.2. For any scheme X , there is a finite filtration by closed subschemes 

= X n+l C X n C • ■ ■ C X 1 C X° = X 

such that ipjji is identity for each < i < n, where U l = (X 1 — X l+l ). 
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Proof. We prove this by i nduction on the dimension of X. If X is zero -dim ensional , 
we can use Corollary 15 .3 1 and the argument in the proof of Proposition l5.4l to reduce 
to the case when X = Spec(fc) and E/B = G/B. We can apply Corollary 14.31 and 
[TUt Theorem 7.6] to get a graded L- algebra isomorphism 

(6.3) <f> k :L® Q A=>Q*(G/B). 

Let Sl — > Al denote the quotient map. Under the above isomorphism, we get for 
any homogeneous element m G L l , 

i>k{fn) = -n*o(f) k ori(m ®Pn) = ^*°4>k (m (g> Pn) = ^* (pn ■ 7T*(m)) = n* (1 ® p N )-m, 

where the last equality holds by the projection formula. On the other hand, as L° 
is the one-dimensional vector space generated by the class of [Spec(fe)] , we see that 

n N (G/B) = JL° <g> A N A Q[l <g> p N ] and tt*(1 ®p N ) is simply the class of [Spec(fc)] 
in L°, which is the identity element. This proves the zero-dimensional case. If X 
is any smooth scheme and Y = X x G/B, then it follows from Corollary 14.41 and 
the case of X = Spec(fc) that ipx is identity. 

In the general case, we can find an etale cover / : X' — > X such that E is trivial 

over X. Hence E/B Xxl'^ E/B x X' and tcx> is just the projection map by 

j 

Lemma 15.11 Since / is generically finite, we can find a dense open subset U <-)■ X 
such that U is smooth and the map g : U' = f~ l (U) — y U is finite and etale. The 
proof of Lemma 16.11 shows that the right square in the diagram 



(6.4) 



n*(u)^n*{u') 9 An*(u) 



i>u 



fu 



n*(u)-tn*(u')->n*(u) 



commutes. Since g is etale, the similar argu ment shows that the left square com- 
mutes. Furthermore, we can apply Corollary 15.21 to choose the open subset U so 
that g* is injective. We have shown above that ipjji is identity. We conclude that 
ipu must also be identity. 

Put X 1 = (X — U). Then X 1 is a closed subscheme of X of dimension which is 
strictly less than that of X. The proof of the lemma now follows by induction. □ 

Proposition 6.3. For any scheme X , the homomorphism ipx is an isomorphism. 

Proof. We choose a finite filtration of X as in Lemma 16. 21 We have shown that 
^(x-x 1 ) is identity. Assume by induction that ip(x-x m ) is an isomorphism and 
consider the diagram 



(6.5) 



o -> n* {xm _ xm+1) {x - x m+1 ) -*n*(x- x m+1 ) -*n*(x- x m ) -> o 



i> 



(X r 



r m+K 



(X-X m + 1 ) 



V , (jx:-x m + 1 ) 



^(X-X" 1 ) 



o^n 



(X m -X m + 1 ) 



{x - x m+1 ) -+q*(x- x m+l ) -> n*(x - x r 



o 



which is com mutative by Lemma 16.11 The top and the bo ttom ro ws ar e exact by 
Theorem 12.11 The left vertical map is identity by Lemmas 16.11 and 16.21 The right 
vertical map is isomorphism by induction. We conclude that the middle vertical 
map is an isomorphism too and the induction continues. □ 
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Corollary 6.4. For any scheme X, the pull-back map Q*(X) — > Q*(E/B) is 
injective. 

Proof. This follows directly from Proposition 16. 31 □ 

Proposition 6.5. Let X x G/B — > X be the trivial flag bundle. Then the map 
Xx is an isomorphism. 

Proof. The surjectivity of A^ and 5x follows directly from Proposi tion 15.41 and 
Remark 15.51 So we only need to show the injectivity. By Remark 15.51 again, it 
suffices to show that <px is injective (and hence isomorphism). By Corollary I4.4[ 
4>x is same as the map of graded AjL-modules 

(6.6) Q*{X)® Q A^Q*{E/B) 
and this map factorizes the composite map 9x as 

(6.7) e x : n*(X) ® L S L ™ n*(X) ® L A L ^ Q*(E/B). 

It suffices to show that (f>x is injective on each graded piece of the left term 
in (EH). So let 

N 

x g (n*(x) ® Q A) m = © n m - p ®q a p . 

be such that (f>x(x) — 0. 

Let {b p , ■ ■ ■ , h? } be a chosen Q-basis of A p and let {u\, ■ ■ ■ , vP s } their homoge- 
neous lifts in S. We have b\ = p Q = 1 and b± = px- Similarly, u\ = p = 1 and 
u i = Pn- We can then write x uniquely as 

N s p 

x =S^ x p , where x p =S^ ccf ® b p . 

p=0 %=x 

We show inductively that x p = for each p. First of all, 

<Px{x) = => p N ■ <f>x{x) = =>■ x {pn • x) = => <p x {pN • x) = 0. 
On the other hand, we have by Lemma 14. lj, 

S p 

p N ■ x p =Y^ x\ ® (fcf ■ p N ) 
t=i 

which is zero for p > and x\ (g) pn for p = 0. Thus we conclude that 

<f> x (x) = => (j) X (x\ ® p N ) = =>• tt* o x (x? <g> Pjv) = 0. 

But the last equality is equivalent to saying that ipx(%1) — and this implies that 
x\ = by Proposition 16.31 In particular, xq = x\ £g> b\ = 0. 

We assume by induction that x q = for q < p with p > 1 and we show that x p 
is zero too. We prove this following the proof of [TjJ] for the Chow groups. We fix 
an integer 1 < I < s p . By Lemma [4.11 there exists c G An„ p such that 

b p - c = <! oifi ^ 

' p^ if i = I. 
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In particular, we get 

c ■ X ■ 



N Sj 

j=p »=i 

Sp 


(6f 




c 


x\ ® pat, 









where the second equality occurs because j + (N — p) > N for j > p. We lift c to 
a homogeneous element e of S. We then have as before, 

(6.8) <j> x {x) = => e<f) X {x) = => 9 x {e ■ x) = => <p x {c ■ x) = 0. 

We conclude from this that <fix(x) = =>- 4>x(^f ® Pat) = 0, which in turn implies 
that 

i>x{^i) = -n~*o(f) X (ci(pjv) n 7T*(af )) = vr* o 0x(af <8> Pa) = 0. 

It follows from Proposition 16.31 that xf — and the induction continues to show 
that x p = 0. This completes the proof. □ 

Proof of Theorem 13. 4t The surjectivity of Ax foll ows from Proposition 15.41 
Furthermore, the map 5x is also surjective by Remark 15.51 Thus we only need to 
show that <px is injective. 

Put Y = E/B. It follows from Lemma EH] that the pull-back Y x x Y — > Y is 

the trivial flag bundle G/B x Y — > Y. We now consider the diagram 

(6.9) fi*(X) ® s w S h ^_^ w (E/B) 

7T*(g>Id 

Q*{Y) ®gw S h > SI* (GIB x Y) 

which is commutative by Lemma 13.31 Since Sl is flat over S 1 ^, the left vertical 
arrow is inj ectiv e by Corollary 16.41 The bottom horizontal arrow is injective by 
Proposition 16.51 We conclude that the top horizontal arrow is injective too. □ 

Corollary 6.6. Let G be a connected linear algebraic group with a split maximal 

torus T. If E — >■ X is a principal G-bundle over a scheme X , then 

n*(E)^n*(x)® c{G) h^^^, 

where I is the ideal of C{G) generated by the Chern classes of G -homogeneous line 
bundles. This is an h-algebra isomorphism if X is smooth. 

Proof. By [TQl Theorem 7.4], the natural map 

Q* T {E) ® C (T) L -► Q*(E) 

is an isomorphism, which is an L-algebra isomorphism if X is smooth. On the 
other hand, it follows from Theorem 12.21 that the term on the left is same as 
Sl* '(E/B) ®c(T) L. The corollary now follows from Theorem 13.41 □ 

Corollary 6.7. Let G be a connected algebraic group (not necessarily linear) over 

k and let G — ^> A(G) be the albanese morphism of G. Then there is an h-algebra 
isomorphism 

Q*{A{G)) 



Q*(G) 



m*{A(G)y 
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Proof. It follows immediately from Corollary 16.61 and the fundamental exact se- 
quence 

1 -► G aff -> G ^ A(G) -> 1, 

where G a fj is the largest connected linear algebraic subgroup of G. □ 

7. COBORDISM OF E/P 

In this section, we complete the proof of Theorem 11.11 by deducing it from The- 
orem 13.41 This is done by using the following general technique, which the author 
learned from an unpublished note [6] of Edidin and Larsen. So let (G, T, B, W) be 
our given datum, where we have already reduced to the case when G is reductive. 
Since T is split, the group G is given by its root system $(G, T). Let A be a base 
of $ and B the corresponding Borel. By the well known theory of root system 
(cf. P2]), for every subset / of A, there exists a corresponding parabolic subgroup 
Pj D B and every parabolic subgroup containing B is of this form. Let \I/j be 
the intersection of $ with the span of I and let Pi = MjNj be the corresponding 
Levi decomposition, where Mi contains T and Q(Mj,T) = \I//. The Weyl group 
of Mi with respect to T is the subgroup of W generated by the simple reflections 
corresponding to the elements of /. The Borel subgroup Bi of Mi corresponding 
to the positive roots in \1// is the intersection of B with Mi and hence the natural 

map P — > Mi gives an isomorphism Pi/ B — >■ Mi/ Bi. Since every Borel subgroup 
is conjugate to B, we can assume without loss of generality that Pj is same as P. 
We then obtain tower of fibrations 

(7.1) E -> E/N -> E/B 4 E/P -4 X. 

We need the following Corollary of Theorem 13 .41 to prove the case of parabolic flag 
bundles. 

Corollary 7.1. Let (G,T,B,W) be the datum as above and let E — >• X be a 

principal G-bundle. The natural map Q*(X) — > ft* (E/B) is an isomorphism. 

Proof. This follows immediately from Theorem 13.41 using the fact that the trivial 
PF-module Q is a projective Q[W] -module, and M w = Homc[w] (Q, M) for any 

Q[W]-module M. D 

To prove Theorem II. 1| we notice that E/B —¥ E/P is a M/I?-bundle, where B 
is a Borel in M containing T. If Wp is Weyl group of M with respect to T, we 
obtain 

(7.2) Vt* '(E/P) ® c(T) w P C(T) 4 Vt* '(E/B) 

by Theorem 13.41 Taking the Wp-invariants and using Corollary I7.1| we get 

or (e/p) 4 q*(e/b) Wp = n*(x) ® C{T)W c(T) Wp . 

This completes the proof of Theorem ll.il □ 

8. Higher Chow groups of flag-bundles 

Let X be a scheme and let p : E — > X be a principal G-bundle and let tt : 
E/B — > X be the flag bundle associated to a Borel subgroup of G. In this section, 
we describe the higher Chow groups of E and E/B in terms of the higher Chow 
groups of X and the characteristic classes of the maximal torus T. From this, we 
obtain formula for the higher Chow groups of the flag bundles it : E/P — > X. 

Recall from pQ that the higher Chow groups of X are given by the homology 
groups CLT(X, n) = H n (Z l (X, •)) of the cycle complex Z l (X,») of codimension 
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% cycles in the simplicial spaces X x A*. We refer to loc. cit. for more detail 
and for some standard functorial properties. For a scheme X with G-action, the 
equivariant higher Chow groups CH^(X, •) are defined in [5]. We refer the reader 
to [8] for more details about these groups. We denote by CH*(X), the full Chow 

oo 

groups © CH*(X, n) of X. This is a CH*(/c)-algebra if X is smooth. 

n=0 

Let S = CR* T (k) = Q[ Xl , ■ ■ ■ ,x r ] and S w = S(G) = CR* G (k) - ®Wi, ■ " " , °r\ 
be as before. Then the same construction as in Section [3] (or as in [19]) gives a 
natural map of S- modules 

(8.1) a x :CR*(X)® s w S ^CE*(E/B). 

Lemma 8.1. Let E/B x X — y X be the trivial flag bundle. Then ax is an 
isomorphism. 

Proof. We first assume X = Spec(A;). By [§1 Theorem 1.6], the natural map 
CHq(G/B) ® s w Q — y CK*(G/B) is an isomorphism since G/B is smooth and 
projective. On the other hand, we have GW G (G/B) ^ CH^(A;) by Corollary 3.2]. 
In particular, we get 

CH*(h)® S wS £ (CH^(fc) ® s Q) ® s w S 

^ CE* T (k) ® s (3 ®gw Q) 

^ CH^(A;) ® s w Q 

= CE*(G/B), 

where the first isomorphism holds by [9], Theorem 1.6]. If G/B xX-^Xis the 
trivial bundle, then we have 

CW(X)® s wS = {GW(X)® C n*{k)GW{k))® s w S 

=* CB*{X) ® CH .( fc ) (CH*(fc) ® s w S) 

* CH*(X) ®cH*( fc ) CE*(G/B) 

^ CH*(X x G/B), 

where the third isomorphism follows from the case of X = Spec(/c) and the last 
isomorphism follows from [HI Lemma 3.6]. This completes the proof. □ 

Proof of Theorem II. 2\ As in the case of cobordism, we can deduce the case of 

parabolic subgroups from the case of Borel subgroups. So we prove the result for 

the flag bundles of the type E/B — y X. We prove by induction on the dimension 

of X. If X is zero-dimensional, this follows from the case of X = Spec(fc) shown 

above and the analogue of Corollary 15.31 for the higher Chow groups. In general, 

j 
following the proof in the cobordism case, we can find a dense open subset U <-> X 

and a finite etale cover g : U' —y U such that the pull-back of E/B is the trivial 

flag bundle on U' and the result holds for U' as shown abov e. W e deduce the 

result for U by the higher Chow groups analogue of Corollary 15.31 Let Z be the 

complement of U in X with the reduced closed subscheme structure. We get the 

following diagram of long exact localization sequences 

ch* (u) ® s ? cn* (z) ® s i* en* (x) ® s j > cn*{u)®s° ch* (z)®s 



a j; 



<»z 



ax 



ajj 



<>z 



CE.*(Eu/B) >CK*(E Z /B) ^CK*(E/B) ^CK*(Eu/B) >CK*(E Z /B), 
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where the tensor product in the top row is over the ring S w . In particular, this 
row is exact by the flatness of S over S w . Since the dimension of Z is strictly 
smaller than that of X, we see that the maps az are isomorphisms by induction. 
We have shown above that the maps ol\j are also isomorphisms. We conclude that 
ax is an isomorphism. □ 

Corollary 8.2. Let G be a connected linear algebraic group with a split maximal 
torus T . Let E — > X be a principal G-bundle over a scheme X . Then 

CH*(X) 



CH*(£) ^ CLT(X) ® S (G) 



ICH*(X) 



where I is the ideal of S(G) generated by the Chern classes of G -homogeneous line 
bundles. This is a Q-algebra isomorphism if X is smooth. 

Proof. The proof is exactly same as the proof of Corollary 16.61 □ 

The following corollary recovers a result of Brion [2j Proposition 2.8] for the 
ordinary Chow groups CH* (G, 0) of connected algebraic groups as a special case. 

Corollary 8.3. Let G be a connected algebraic group (not necessarily linear) over 

k and let G — > A(G) be the albanese morphism of G. Then there is a Q-algebra 
isomorphism 

™^ ^ CR*(A(G)) 

LH {G} ~ ICR*(A(G)Y 

Proof. The proof is exactly same as the proof of Corollary 16.71 □ 
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